Plane Partitions and Their Pedestal Polynomials by unknown
ISSN 0001-4346, Mathematical Notes, 2018, Vol. 103, No. 5, pp. 793–796. © Pleiades Publishing, Ltd., 2018.
Original Russian Text © O. V. Ogievetsky, S. B. Shlosman, 2018, published in Matematicheskie Zametki, 2018, Vol. 103, No. 5, pp. 745–749.
Plane Partitions and Their Pedestal Polynomials
O. V. Ogievetsky1, 2, 3* and S. B. Shlosman1, 4, 5**
1Aix Marseille Universite´, CNRS, CPT UMR 7332, 13288 Marseille, France
2Kazan Federal University, Kazan, Russia
3Lebedev Physical Institute, Russian Academy of Sciences, Moscow, Russia
4Kharkevich Institute for Information Transmission Problems,
Russian Academy of Sciences, Moscow, Russia
5Skolkovo Institute of Science and Technology, Moscow, Russia
Received February 6, 2018
Abstract—For a linear extension P of a partially ordered set S , we consider a generating multi-
variate polynomial of certain reverse partitions on S , called P-pedestals. We establish a remarkable
property of this polynomial: it does not depend on the choice of P . For S a Young diagram, we show
that this polynomial generalizes the hook polynomial.
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1. INTRODUCTION
Let S be a partially ordered set. In this paper, we associate to each such set S a multivariate
polynomial h. In the case where S is a Young diagram, the principal specialization of the polynomial h
coincides with the hook polynomial; see Sec. 4.
Our construction begins with the deﬁnition of the polynomial hP , where P is an arbitrary linear
extension of S . Then we show that hP is, in fact, independent of P . The proof uses equality (4)
(exact deﬁnitions are given in Secs. 2 and 3), which follows from a bijection between the set of reverse
partitions on S and the product of the set of P-pedestals on S and the set of Young diagrams with at
most |S | rows. To simplify the presentation, we consider the case where S is the set of nodes of a Young
diagram λ. In this situation, linear extensions of S correspond to standard Young tableaux of shape λ;
see Deﬁnition 1. Our results and proofs work in the same way for general S (and linear extensions of the
set S instead of standard Young tableaux). After this work was completed, we were informed that the
coeﬃcients of our polynomial coincide with the values of the “β-function” in the terminology of Stanley’s
book [1], Theorem 3.13.1. Our approach is based on diﬀerent ideas, in particular, on the factorization
property (4).
2. MAIN RESULT
Let λ = (λ1, . . . , λl)  n, λ1 ≥ · · · ≥ λl > 0 be a partition of a number n: λ1 + · · ·+ λl = n. We
identify λ with its Young diagram, i.e., with the set of nodes
α = (i, j) with j = 1, . . . , λi for each i = 1, . . . , l.
A standard Young tableau of shape λ is a bijection Q : λ → {1, . . . , n} such that the function Q(i, j)
increases in i and j. We denote the set of these standard Young tableaux by stλ.
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